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ABSTRACT 



We have studied the quantum Liouville theory on the Riemann 
sphere with ni,3 punctures. While considering the theory on the 
Riemann surfaces with n=4 punctures, the quantum theory near an 
arbitrary but fixed puncture can be obtained via canonical quanti- 
zation and an extra symmetry is explored. While considering more 
than four distinguished punctures, we have found the exchange re- 
lations of the monodromy parameters from which we can get a rea- 
sonable quantum theory. 
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1. Introduction 

The Liouville theory has attracted much attention for a long time. The early 
interests in it rests mainly on the uniformization theory of two dimensional Riemann 
sphere and a lot of mathematicians such as Klein, Poincare, Koebe [1] etc. have done 
a lot of excellent works in this domain. The recent interests in it revived mainly with 
the Polyakov string [2] and two dimensional quantum gravity [3] where the Liouville 
action plays the role of Weyl anomaly. It is inevitable for us to study the classical and 
quantum Liouville theory in order to study the noncritical string theory. 

Despite the nice work for the Liouville theory 4-5] , there still exist a lot of mysterious 
aspects in both the classical and quantum Liouville theory. In [6], we have mainly 
studied the classical Liouville theory on the Riemann sphere with n > 3 punctures and 
interesting results have been obtained there. 

In this paper, we mainly study the quantum Liouville theory on the Riemann 
sphere with n > 3 punctures. Starting from the Poisson bracket relations, we express 
these two chiral components which are two linearly independent solutions of the the 
uniformization equation in terms of the monodromy parameters and the fields which 
depend only on the space-time coordinates. Starting from the Poisson relations of the 
monodromy parameters and the free field, we directly get the quantum Liouville theory 
in the neighborhood of a puncture via canonical quantization. In this case, we find 
there exists an extra symmetry which leads to a certain arbitrariness for the matrices 
dominating the classical and quantum exchange algebra relations. If we restrict them 
to satisfy the classical and quantum Yang-Baxter equations respectively, we find a 
family of solutions to both these equations. 

When we consider the theory on the riemann sphere with arbitrary number of 
punctures, we will meet some monodromy parameters except the fields depending only 
on the space time. We wish to get a quantum theory including that of the monodromy 
parameters and that of the space-time dependent fields. To do this, we will adopt 
a postulation of the quantum exchange properties of the monodromy parameters as 
well as the space-time dependent fields. Starting from this postulation, we can get the 
quantum exchange algebra relations of the chiral components from which we can see 
whether our postulation is reasonable or not since the quantum Liouville theory has 
the SL{2,R) quantum group symmetry. 

This paper is organized as follows: In section 2, we introduce concisely, for the 
convenience of notations, some background knowledge about the uniformization theory 
of the Riemann sphere with n > 3 punctures and some main results of [6]. In section 3, 
we study the quantum Liouville theory, via canonical quantization, near an arbitrary 
but fixed puncture on the Riemann sphere. In section 4, we study the quantum Liouville 
theory considering all the monodromy parameters of n > 3 punctures. Finally, we will 
give some concluding remarks. 

2. Introduction to the Liouville theory on the Riemann sphere with n > 3 



punctures. 

In this section, we will introduce some background knowledge about the classical 
Liouville theory and some main results of [7] for the convenience of notation in the 
context. 

The Riemann sphere X with n punctures whose coordinates are zi,- ■ ■ , Zns, 0, 1, and 
oo without loss of generality can be realized as the quotient space H/T where H is the 
upper half plane and F C PSL{2, R) is the Fuchsian group. That is to say, there 
exists a covering J : H ^ X with J{'~fuj) = J{uj) to arbitrary 7 G F, uo E H . 

The uniformization problem of the Riemann sphere is connected with the differential 
equation of J^^{uj). It has been shown [1] that J^^ satisfy 



du,J ^ 2^duJ ^' f^^^2((jj - uji}^ uj-uji 



where Cj are the accessory parameters and satisfies 



ra— 1 n— 1 n— 1 



^Q = 0, ^CiUi = l- -, ^Ui{l + CiU.i) = Cn (2) 

which lead to the asymptotic behavior of Qx 

^^ = ^ + ^' ^^^ 

The projection monodromy group here is just the Fuchsian uniformazition group. 
The elements of this group are parabolic if we only consider the punctured Riemann 
surfaces. We can choose in this group a standard system of parabolic generators 
Ml, ■ ■ ■ , Mn satisfying the single relation Mi ■ ■ ■ Mn = 1, TrM\ = 2 and M\ has one 
fixed point zx, the matrices satisfying these conditions can be represented as 

\ ax 1 - axzx J 

and 

M„=(J 7) (4) 

where we take Zn = 00. 

Equation (1) is related to a second order linear differential equation 

g + io.vW„ = o (5) 

by that J^^ can be represented as the quotient of the two linearly independent solutions 
of (5). 



The poisson bracket relations between these two solutions of equation (5) is domi- 
nated by 

{r],{z),r],iz')} = Sfjv,izMz') (6) 

where i,j,k,l = 1,2 and 

SS = -^M(kl - W\) + r^O{\z'\ - |z|)]g (7) 

and 6{z) is the step function. The 4x4 matrices r±, called the classical r matrices, 
are the solutions of the classical Yang-Baxter equation: 

[ri2,ri3] + [ri2,r23] + [^13,^23] = 0, 
and can be expressed by the generators of the Lie algebra s/(2, R): 

r± = ±H®H± 4E± ® E^ 

(8) 

[H,E±] = ±2E±, [E+,EJ\=H 

When we circle around the A-th puncture, r^i, ri2 transform according to 
Because the Liouville field is related to rji by 

so we can find that 0(-P) is periodic for a closed path T\ around any puncture on z 
when the analytic continuation of a pair of solutions ^i(-P) and 1]2{P) along Tx results 
in a pair of new solutions tj^{P) and 7^2 (-P)- 

That (j){z) is single valued around puncture on Vt enables us to make the following 
proposition: 

{(/.(P), 7r(P0} = {<t^{P + Ta), 7r(P' + r,)} = A(P - P') (11) 

where P, P' G C^- and Cr is the level curve, A{P — P') is the delta function on Cr- We 
define C^ by 

Cr = {Q\Re I LJ = T.} (12) 

JQo 

where e'^'-^-' = uj{z)lu(z) near the puncture. 

From (6) and (11), we can assume 

ivhP), ^vfiP')} = S^ykiP)vhP') (13) 



(14) 



from which the following Poisson brackets can be uniquely determined 

{rii, ax} = -\axzxr]2, {r]i, Zx] = -|2a^2, 
{ri2,ax} = 0, {V2, Zx} = -Ivi 

{"A,ttp} = 0, {zx, Zp} = lizj - zl) 

{ax, Zp} = \axzx 

where A = 1, ■ ■ ■ , n — 3 and n > 3 is the number of punctures. Thus the elements of 
the monodromy matrices are dynamical variables in our case. 

3. Liouville theory near one puncture on the Riemann sphere with n = 4 
punctures. 

Now we are ready to study the simplest case of our theory i.e. the Liouville theory 
on the Riemann surfaces with n = 4 punctures. Without loss of generality, we may 
pick the coordinates of three of these punctures as 0, 1, cxd and the another as zx- The 
monodromy matrices corresponding to the A-th puncture is as shown in equation (3). 

In this case, the fundamental relations in (14) can be rewritten in a more compact 
form as 

{9a,pa} = i, {qx,qx} = {p\,p\} = (^, 

{Vi, qx} = -|ei(2pA-..)^2, {V2, qx} = 0, (15) 

{ri,,px} = 0, {ri2,px} = ie-i(2pA-9A)^2, 

where 

gA = 21naA, Pa = Inc^A + 21n2;A. (16) 

From these relations, it is natural for us to define the Poisson bracket relation in 
the monodromy parameter space in terms of px and qx as 

^ r.^ ^^ ^^ ^B 6A6B 

{A{qx, Px), B{qx, px)}p = ^t ^^ (17) 

dqx opx opx oqx 

where the index P represents that the Poisson bracket is defined in the monodromy 
parameter space. With this explicit formulation, it is easy for us to get from (15) and 
(17) these derivative equations satisfied by rji and 772 

|!Zi = iei(2p.-9.) |2^ = 0, 

(18) 

|2i = 0, f^ = ie-3(2PA-9A)„ 

5qx ' 5qx 4 '^' 

By solving these equations, we get 

r/i = e^P^fiz), V2 = e^^V(^) (19) 



where f{z) is a function depending only on the space-time coordinates. 

It is worth noticing that f{z) is a local solution of equation (5). Since J^^ can 
be represented as the quotient of two linearly independent solutions of the Fuchsian 
equation (5), we find locally 

uj{z) = J-\z) = ^ = Zi (20) 

according to equation (19). It should be noticed that J~^ in general is a multivalued 
analytic function on X. Suppose {ri[, -^2) is a pair of new solutions related to the 
original pair of solution {rji, 772) by an arbitrary Mobius transformation 7 G F. If 
7 7^ M\, J'~^{z) = ^ has a branch different from that of J^^{z) in equation (20). On 
the other hand, due to J{'juj) = J{oj), u E H, for any 7 G F, we find that Zi corresponds 
to Ui and •yui on H for any 7 G F. On the other hand, J~^ is understood to depend 
on both the puncture's position and the space-time coordinates. The expression (20) 
is a local one which holds in the neighbourhood of the puncture z\. 

From (19), we may easily verify that rji, ri2 are invariant under the action of the 
monodromy group with generator (3). That is 

7]l = {l + axzx)r]i - Oixzlm = % 

T]^ = axVi + (1 - a\zx)r]2 = V2 
Therefore f{z) must be a local single valued function. 

Due to equations (6) and (17), the definition of the Poisson bracket relation in (19) 
must be modified in the whole space W spanned be px-, Qx and /. Since the Poisson 
bracket between the monodromy parameters and / equals zero, W can be regarded as 
the direct sum of two orthogonal subspaces spanned by px, qx and by / respectively. 
The Poisson bracket relation between /s at different positions can be obtained from 

Mz), r],{z')} = -^e(kl - \z'\MzMz'), ^ = 1, 2 (21) 



in (6) and (15) to be 



{f{z), /(/)} = -^e{\z\ - \z'\)f{z)f{z') (22) 



If we denote (f{z) = 41n/(z), equation (22) turns to be 

Mz), ^{z')} = -e{\z\ - \z'\). (23) 

So we can see that / is similar to a vertex constructing from a free field (p. 

Hence the Poisson bracket relation in W in terms of the monodromy parameters 
and ip can be expressed as 

r , „. 6A 5B 5A 5B / 5A 5B 5A 5B ^ .. . . ,,, 

{A, B} = ——- - -—— - [-—-—- - M \z\ - \z'\) 24 

oqxopx opxdqx ^dip{z) dip{z') dip{z') dip{z)^ 



where A and B are arbitrary functions smoothly depending on the monodromy param- 
eters and function /. 

From (19), we can find that there exists an extra symmetry in our theory, that is 



miz)ri2iz') =ri2iz)rii{z'). 



(25) 



This extra symmetry results from the monodromy symmetry around the puncture of 
the theory and leads us to a modified classical exchange algebra relation. 



where i,j, k,l = 1,2 and S, in general, can be expressed as 



(26) 



•^ - 16 






Vo 





-l + /l 
k 





0\ 

4-/i 

-l-k 

1/ 



(27) 



where we have assumed \z\ > \z'\ for simplicity without loss of generality and h, I2 are 
some arbitrary constants. 

In this case, we will find that S, in general, satisfies the inhomogeneous Yang-Baxter 
equation: 

'23J -r [013, 023J = 7^^2(1 - h)^ijkAi (g) Aj (g) Ak (28) 

E^ and eijk = 1 for even permutations of 123 and —1 



[5*12, S13] + [512, 'S'23] + [5*13, 5*23] 



where Ai = E+, A2 = H, A3 
for odd permutations. 

In two special cases, i. e. 

(i): /i = 1, and I2 is some arbitrary constant, 

(ii): I2 = 0, and /i is some arbitrary constant, 
we will get the ordinary classical Yang-Baxter equation. Hence, we have got two classes 
of solutions of the classical Yang-Baxter equation by substituting (i) and (ii) into the 
general expression (27): 



•^ - 16 



/I 





0\ 








3 





I2 


-1-/2 


vo 





1] 



and S = —TTT 

16 



/I 








0\ 





-1 + /1 


4-/1 











-1 





vo 








1/ 



(29) 



When li = I2 = 0, S in equation (27) is just the ordinary SL{2, R) solution r+ in (8) 
to the classical Yang-Baxter equation. 

Now we are ready to study the quantum Liouville theory on the Riemann sphere 
with four punctures. The method to the quantization is the usual canonical quantiza- 
tion, i.e. we first regard all the classical functions such as 771, 772, P\, Qx, f in (15), 



(23) and etc. as operators, then we replace the canonical Poisson brackets of q\ and p\ 
in (15) and that of (p in (23) by commutators according to the quantization principle, 
i.e. in the quantum case, we have these commutation relations: 

[q\,P\] = ih, [px, (p{z)] = [qx, (p{z)] = 

(30) 

[^{z), ^{z')] = -zhe{\z\ - l^'l) 

In the quantum case, rji and ri2 can be defined as 

rji =: 62^^ :: 62*^ :, ■r]2 =: e^'^^ :: e^'^ : 

where : : denotes normal ordering. With this definition, we can find, corresponding 
to the classical case, there exists in the quantum case an extra symmetry: 

Viiz)r]2iz') = e-i'%iz)r],{z') (31) 

which leads to these exchange algebra relation: 

V,{z)r^,{z') = Ki;-^m{z')Vn{z) (32) 

where 



R 





/I 








0\ 


e-i^'* 






kie^^ 
e-s^ - k2 


e~8^ — /cics^ 








U 








1/ 



(33) 



and ki, k2 are some quantities to be determined. 

Before we set to find the equation satisfied by (33), we first show that if ki = 
^ih + 0{h'^) and k2 = ^i^ + 0{h'^) when h ^ 0, then we have 

R = P^^I ® I + +ifiS + 0{h^) (34) 

where P12 is the permutation operator of 1 and 2 and S is as shown in equation (27). 
Hence we may say that (33) can be regarded as the quantum counterpart of the S 
matrice in (27). 

For general ki and k2, R satisfies the following inhomogeneous quantum Yang- 
Baxter equation: 

R12R13R23-R23R13R12 = kik2{h®{A + D) + ]^H®{A-D) + E_®B + E+®C) (35) 

where 

A = (a^ _ M)(^_ ®E+-E+(d E_) + i(f| -a){I-H)®{I^ H) 

B = a{a^ki - l)H E+ + ^{1 - a^ki - a^ + k2)E+ I + j^{l - a^ki + a^ - k2)E+ ® H 
C = {a- ^)H ®E^- ^(1 - a^ki - a^ + k2)E^ ® ^ - h^^ - «^^i + «^ - ^2)^- ® H 
D = lia^ki -^)iI + H)0iI-H) + i(a2A;i - 1){E_ ®E+-E+® E^) 



and a = e 



TT-h 



In these special cases 

(i): /ci = 0, for arbitrary k2. 

(ii): k2 = 0, for arbitrary ki. 

(iii): k2 = a^-, ki = a~^. 
equation (37) reduces to the ordinary Quantum Yang-Baxter equation. So three kinds 
of matrices 



/I 



i? = e 16 



^7i 



0\ 



and -R = e 16 



^7i 





e-8 

ei^-k2 k2e^^ 

Vo 1/ 

in our case satisfy the quantum Yang-Baxter equation: 

R12R13R23 = R23R13R12 



/I 

kiei^ e~t^ — kie^ 



68^ 

VO 











1/ 



4. General Case. 

In this section, we consider the Liouville theory considering arbitrary number of 
punctures. 

Let us first reparametrize the monodromy parameters ax, z\ as 

1 1 

al = Qx, zxal = Pa- 

Then the Poisson bracket relation (14) can be rewritten as 

{Qx, Pp} = iPxQp, {Qx, Qp} = 

{^1, Qx} = -\Pxri2, {Px. Pp} = 

{^1, ^a} = 0, {r72, Qx} = 

{^2, ^a} = \QxVi 



(36) 



Comparing with the notation of the last section in the neighbourhood of the A-th 
puncture, we have 

Pa = e5P^ Qx = e^«^ 

Generally, if we consider the Poisson bracket relation between the functions F = 
F{Qi.Pi) and G = G{Qi.Pi), we can get from equation the property of the Poisson 
bracket and (36), 

{F, G\ = QQ--QQ-{Qi, Qji + agjaR LVj; Pji + a^agjl "»> Qji + a^a^l "*' ^jf 



1[s^qF-X7pG-VpF-VqG] 



(37) 



where 

Equation (37) may also be regarded as the defining relation for the poisson bracket in 
the parameter space spanned by Pi, Qi. 

From equation (14) and the defining relation (37), we can easily get the differential 
equations satisfied by rji and ri2 in this parameter space: 

v^ra-3 r^ d-qi _ v^n-3 p drj2_ _ 

2^1=1 Vigp^ — '12, 2^i=i ^tQQ, ~ '/I' 

(38) 

En— 3 p drji q -^n-S /O dri2 n 

The general solution to this equation can be found to be [7] 

rii = T. M^)P^^ V2 = J2 h{z)Q, (39) 

i=l 1=1 

where fi{z) depends only on the space-time coordinates and must satisfies the uni- 
formization equation (1). 

If we consider two functions F = F{Pi, Qi, fi, f-) and G = G(Pi, Qi, fi, f[) in which 
fi = fi{z), fi = fi{z'), their Poisson bracket can be found to be 

{F, G} = {F, G}(Q„ p^,) ■ {g„ P,} + {F, G}(^,, ^p ■ {/„ /;} (40) 

where 

I F n —ML dG_ _ dF_ dG_ 

X^i '^liQi, Pj) dQi ' dPj dPj ' dQ, 

S P n _ dF_ dG_ _ dF_ dG 

From (6) and (39), we can get the Poisson bracket relations between fi and // as 

{/./;} = ^<kl-k'l)(M'-2M) (41) 

When we consider the theory on the Riemann surface with more than four punc- 
tures, one may notice that neither the parameters Pi, Qi nor the space-time dependent 
fields /, /' in (39) can be considered as free fields. 

However, in the canonical quantization, when we try to get the quantum theory 
corresponding to the classical theory, we have made an important assumption- the 
principle of quantization. This assumption corresponding to the canonical Poisson 
bracket relation between the canonical variables is the bridge between the classical and 
quantum theory. 

What we face now is: we have not the canonical conjugate variables at hands. So 
the first thing we should do is to find a principle of quantization corresponding to our 

10 



Poisson bracket relations. We assume that all the functions such as rji, ri2,f{z) and 
all the monodromy parameters such as Qi, Pi will be regarded as operators in the 
quantum case. The expression of rji, 772 in terms of f{z), Qi, Pi is the same as its 
classical case in equation (39). 

Furthermore, we make the following principle of quantization: 

PkQi = QiPk + (1 - A)PiQk 

(42) 

f,fl = {2-B)rji-2{l-B)flh 
where A and B are some coefficients to be determined (See [7] for details). 
Furthermore, we can get from (39) and (42) these exchange relations 

r]ir][ = Br][r]i, r]ir]'^ = (2 - B)r]'^r]i + {B - 2A + AB)7][7]2, 

r]2i2 = Bri2V2, ^2^?! = (2 - B)A{2 - A)ri[ri2 - (4 - 35 - 2A + AB)r]'^r]i. 
They can be rewritten compactly as 



where 



R 



(B 




Vo 





2- B B-2A + AB 

-4 + 3B + 2A-AB {2 - B)A{2 - A) 







UA 



A-3B 
2-B 



, we will get 



R, 



(B 




Vo 





2-B 







-4 + 4fi 

B(4-3B) 

2-B 











BJ 





BJ 



(43) 



(44) 



(45) 



(46) 



If A 



2-B 



, we will get 



R. 



(B 




VO 




2-B 

-4 + 45 








-B(4-3-B) 
2-B 





o\ 



BJ 



(47) 



It is easy to show that both i?_|_ and R satisfies the quantum Yang-Baxter equation. 
If we let B = exp{^), we find 



R 



+ \h^o 



ih 



/I 





0\ 





-1 


-4 








-1 


vo 





1; 



oin') = I+'-^r^ + oih'). (48) 

lo 



11 



If we let B = exp{—j^), we find 



/? I -T '^ 

lo 



^10 ON^ 
-I 
4-10 

VO 1/ 



o{h^) = I-'^r_ + o{h^). (49) 



5. Concluding Remarks. 

At this stage, we have got the quantum Liouville theory on the Riemann sphere 
with n > 3 punctures. To make the problems clearer, let us present the logic as follows: 
we are studying the Liouville theory on the Riemann sphere with n > 3 punctures, 
the chiral components which are two independent solutions of the uniformization equa- 
tion depend in general on the space-time coordinates and the monodromy parameters, 
its classical exchange algebra relations is dominated by the classical r-matrix and its 
quantum exchange algebra relation, in principle, can be assumed to be dominated by 
the quantum i?-matrices. This is in fact the quantum integrability condition. When 
we only consider the quantum theory in the neighbour of an arbitrary but fixed punc- 
ture, we can find the canonical variables in the monodromy parameter space and space 
dependent field space. We can get the quantum theory from the classical one via canon- 
ical quantization. When we consider more then four distinguished punctures, we find 
that the usual canonical quantization procedure does not do. However, we want to get 
the quantum theory of all the dynamical variables which include the monodromy pa- 
rameters. For this reason, we adopt the assumption of the quantum exchange relations 
of the monodromy parameters and that of the space-dependent fields, i.e. equation 
(42). Then we try to get the quantum exchange algebra relations between the chiral 
components according to this assumption. If this assumption can lead to the quantum 
integrability condition, we can say that this assumption is reasonable and hence we 
have got the quantum exchange relations between all the dynamical variables. 
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